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Abstract 

We construct the 11-dimensional lift of the known M = 2 supersymmetric RG flow solution 
in 4-dimensional M = 8 gauged supergravity. The squashed and stretched 7-dimensional 
internal metric preserving SU(2) x (7(1) x U(1)r symmetry contains an Einstein-Kahler 2- 
fold which is a base manifold of 5-dimensional Sasaki-Einstein Y p,q space found in 2004. 
The nontrivial r (transverse to the domain wall)-dependence of the AdS^ supergravity fields 
makes the Einstein-Maxwell equations consistent not only at the critical points but also along 
the supersymmetric whole RG flow connecting two critical points. With an appropriate 3- 
form gauge field, we find an exact solution to the 11-dimensional Einstein-Maxwell equations 
corresponding to the above lift of the SU(2) x U(l) x ?7(l)#-invariant RG flow. The particular 
limits of this solution give rise to the previous solutions with SU (3)xU(1)r or SU (2) x SU (2) x 
U(1) R . 



1 Introduction 



The Af = 6 U(N) x U(N) Chern-Simons matter theory with level k in 3-dimensions is 
described as the low energy limit of N M2-branes at C 4 /Zfc singularity [I]. When k = 1,2, 
the full M = 8 supersymmetry is preserved while for k > 2, the supersymmetry is broken 
to the Af = 6 supersymmetry. The matter contents and the superpotential of this theory 
are the same as for the D3-branes on the conifold [2]. The RG flow between the UV point 
and the IR point of the 3-dimensional gauge theory can be determined from the gauged 
M = 8 supergravity in 4-dimensions via AdS/CFT correspondence [3]. The holographic 
supersymmetric RG flow equation connecting Af = 8 5*0(8) point to Af = 2 SU(3) x U(l) 
point has been studied in [H [5] where the U(l) symmetry here can be identified with U(1)r 
symmetry of 3-dimensional theory coming from the Af = 2 supersymmetry while those from 
Af = 8 50(8) point to A/" = 1 G 2 point has been studied in [SJ E]. The 11-dimensional 
M-theory lifts of these RG flow equations have been found in [TJ E] by solving the Einstein- 
Maxwell equations in 11-dimensions with nonzero field strengths in the internal space. 

The mass deformed U(2) x U(2) Chern-Simons matter theory with level k = 1, 2 preserving 
global SU(3) x U(1)r symmetry has been studied in [8j [9] while the mass deformation for 
this theory preserving G 2 symmetry has been described and the nonsupersymmetric RG flow 
equations preserving SO (7)^ symmetries have been discussed in [10]. The holographic RG 
flow equations connecting Af = 1 G*2 point to Af = 2 SU(3) x U(1)r point have been found in 
|llj . Moreover, the Af = 4 and Af = 8 RG flows have been studied and further developments 
on the gauged Af = 8 supergravity in four- dimensions have been done in [12]. Recently, the 
spin-2 Kaluza-Klein modes around a warped product of AdS^ and a seven-ellipsoid which has 
global G2 symmetry are discussed in [13]. Furthermore, the gauge dual with the symmetry of 
SU(2) x SU(2) x U(1) R for the second 11-dimensional lift of Af = 2 SU(3) x C/(l)_ R -invariant 
solution in 4-dimensional supergravity is described in [T4"] . 

The seven-sphere S 7 in the internal space can be realized by S 1 -fibration over CP 3 [15] 
space where the standard Fubini-Study metric on the CP 3 space has CP 2 space [HH [7] or 
CP 1 x CP 1 space [HE]. In particular, the U(l) bundle over CP 1 x CP 1 space is known 
as 5-dimensional Sasaki-Einstein T 1,1 space [18]. In [7J, they have found two different 11- 
dimensional solutions where the first has CP 2 space with SU(3) x U(1)r symmetry and 
the second has CP 1 x CP 1 space with SU{2) x 577(2) x U{l) R symmetry. Note that the 
Ricci tensor for the first solution with frame basis is exactly the same as the one of the 
second solution, by assuming that the supergravity fields satisfy the same equations of motion 
discovered by [1]. In other words, the same flow equations in 4-dimensions provide two 
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different 11-dimensional solutions to the equations of the 11-dimensional supergravity. 

When we go to 11-dimensional theory from the 4-dimensional gauged supergravity, the 
various 11-dimensional solutions will occur even if the 4-dimensional flow equations are the 
same. We expect that since the flow equations in 4-dimensions are related to the M = 2 
supersymmetry via U(1)r symmetry, other types of 11-dimensional solutions with common 4- 
dimensional flow equations will arise. One possibility, as we mentioned in [14J, is characterized 
by the SU(2) x U(l) x U(1) R symmetry which is smaller than SU(2) x SU(2) x U(1) R . The 
symmetry breaking to SU(2) x U(l) x U(1)r can occur from either the SU(3) x U(1)r 
symmetry or SU(2) x SU{2) x U(l)[> symmetry. The metric corresponding to CP 1 x CP 1 
should preserve only one of two CP^s symmetries due to the single SU{2) symmetry. 

In this paper, we would like to construct a new 11-dimensional solution preserving the 
above SU{2) x U{1) x U{1)r symmetry. By assuming that the AdS^ supergravity fields 
satisfy the supersymmetric RG flow equations, we should find out the correct 7-dimensional 
internal space possessing this global symmetry. By realizing that the five-dimensional Sasaki- 
Einstein T 1,1 space can be generalized to the 5-dimensional Sasaki-Einstein Y p ' q space [T5] 
where p and q are positive integers with < q < p, it is obvious to consider this space first. 
When p = 1 and q = 0, the Y 1 ' space is nothing but T 1,1 space and moreover the isometry 
of Y p ' q is identical to the above SU(2) x U(l) x U(1)r. The main procedure given in [7] is 
to start with the round compactification in terms of [/(l)-fibration over the Einstein-Kahler 
3-fold, to squash this Einstein-Kahler base ellipsoidally, to stretch the U(l) fiber, and to 
introduce 3-form tensor gauge potential proportional to the volume form on the base. Inside 
of Einstein-Kahler 3-fold, one had either CP 2 space or CP 1 x CP 1 space. Are there any 
other Einstein-Kahler 2-folds? 

Fortunately, in the construction of Y p ' q space, it is known that Y p ' q space can be written 
in terms of U(l) bundle over the Einstein-Kahler 2-fold. Therefore, there is a room for 
this 4-dimensional Einstein-Kahler 2-fold inside of above Einstein-Kahler 3-fold. Then the 
next step is to find out the correct 4-form field strengths in this background. Before we use 
the 11-dimensional Einstein-Maxwell equations directly, it is better to imitate the 3- forms 
appeared in previous CP 2 or CP 1 x CP 1 cases. Basically the structure of 3-form from 
the triple wedge product between the orthonormal frames looks similar to each other. The 
overall functional dependence on the AdS^ supergravity fields and the exponential factors 
corresponding to unbroken U(l) symmetries can be determined by solving the 11-dimensional 
Einstein-Maxwell equations directly. 

In section 2, starting with the two parts of Y p,q space metric, U(l) bundle and the 4- 
dimensional base space which is Einstein-Kahler 2-fold, we put them inside of the squashed 
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and stretched 7- dimensional internal space appropriately. Then one determines the full 11- 
dimensional metric with the correct warp factor. Assuming that the two AdS± supergravity 
fields satisfy the domain wall solutions, one computes the Ricci tensor in this background 
completely. For the 4-form field strengths, one makes an ansatz by writing the three parts, 1) 
the overall function, 2) the exponential function with £7(1) 's and 3) the triple wedge product 
between the orthonormal frames. Eventually, the 11-dimensional Einstein-Maxwell equations 
determine all the undetermined quantities. 

In section 3, we summarize the results of this paper and make some future directions. 

In the Appendix, we present the detailed expressions for the Ricci tensor and 4-form field 
strengths. 

2 An Af = 2 supersymmetric SU (2) xU(l)xU (l)^-invariant 
flow in an 11-dimensional theory 

When the 11-dimensional supergravity is reduced to 4-dimensional M = 8 gauged super- 
gravity, the 4-dimensional spacetime metric contains a warp factor which depends on both 
4-dimensional spacetime coordinates and 7-dimensional internal space coordinates. The in- 
ternal metric of deformed seven-sphere can be obtained from the AdS^ supergravity data, 
the supergravity fields (p, %), using the explicit formula [20], and the warp factor is also 
determined. We have 



where the 3-dimensional metric is given by rj^ = (— , +, +), the radial variable r = x 4 is the 
coordinate transverse to the domain wall, the scale factor A(r) behaves linearly in r at UV and 
IR regions, L is a radius of round seven-sphere S 7 and the warp factor A(r, /i) also depends 
on the /i that is one of the internal coordinates(p = x 5 ) as well as the radial coordinate r via 
the supergravity fields (p, x)- 

Let us assume that the supergravity fields (p, x) i n 4-dimensions satisfy the supersymmet- 
ric RG flow equations [lj with SU(3) x U(1)r symmetry in the convention of [?]: 



ds 2 u = A^r^y 1 (d 



'r 2 + e 2A{r) VlMU dx»dx u ) + L 2 ds 2 (p, X ), 



(2.1) 



dp 
dr 



8Lp 
1 



1 




dx 
dr 
dA 
dr 



4Lp 2 



2Lp 2 



1 



(p 8 -3) sinh(2 X ), 



[3(cosh(2 X ) + 1) - p 8 (cosh(2 X ) - 3)] . 



(2.2) 
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In 4-dimensions, there exist two critical points, M = 8 5*0(8) critical point at which (p, x) = 
(1,0) and J\f = 2 SU(3) x U(1)r critical point at which (p,x) — (3®, \ cosh -1 2). One can 
easily check that at these two points, ^ and vanish due to the right hand sides of (12.21) 
are equal to zero. Furthermore, the criticality can be observed from the fact that the first 
two right hand sides of (12.21) can be written as the derivatives of superpotential W(p, x) 
with respect to the field p and the field x respectively. One can read off the superpotential 
W (p, x) explicitly by realizing that the right hand side of third equation in (I2.2p is equal to 
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— jW(p,x)- The superpotential has 1 and ^- at two critical values respectively. We will see 
the 11-dimensional lift of this superpotential, geometric superpotential, later when we discuss 
about the 11-dimensional field equations. 

We need to find out the correct 7-dimensional metric which preserves SU(2) x U(l) x U(1)r 
symmetry which maybe obtained from the symmetry breaking of above bigger symmetry 
SU(3) x U(1)r corresponding to the stretched five-sphere S 5 described by U(l) bundle over 
the CP 2 or SU(2) x SU(2) x U(1)r symmetry corresponding to the stretched T 1 ' 1 space 
realized by U(l) bundle over CP 1 x CP 1 . Once we have found this 7-dimensional internal 
metric with the warp factor given in [7], then the full 11-dimensional metric can be written as 
(12.11) . Then how one can find this internal metric with the above specific symmetry? It is not 
obvious that the SU(2) symmetry among the full SU(2) x U(l) x U(1)r symmetry is realized 
from CP 2 space which preserves SU(3) symmetry. However, any CP 1 factor in CP 1 x CP 1 
space can provide this SU(2) symmetry because the CP 1 preserves the SU(2) symmetry. So, 
our strategy is to look at the second solution of [7] closely rather than the first solution. 

At first, let us replace the 4-dimensional CP 1 x CP 1 space appearing in the 7-dimensional 
internal space in [7] with the 4-dimensional Einstein-Kahler 2-fold which lives in the five- 
dimensional Y p,q space [19]. Next, we need to find out the correct one- form w 
the U(l) bundle over this Einstein-Kahler 2-fold. This one-form uj is given by 

1 



uj = - sin(2/i) 
2 



da + p(r) (u, Jdu) 



rich contains 



(2.3) 



p(r) 4 

where we introduce the R 8 vector u = (u 1 , ■ ■ ■ ,w 6 ,0,0) which parametrize a unit S 5 sphere 
and J is the Kahler form with J 12 = J34 = J56 = J78 — 1- The product (u, Jdu) is defined as 
(u, Jdu) = u a Jabu b . Note that the one-form in subsection 4.1 of [7] is the U(l) bundle over 
the 4-dimensional CP 2 space while the one-form in Eq. (4.38) of [7] is the U(l) bundle over 
the 4-dimensional CP 1 x CP 1 space. 

What is (u,Jdu) in (I2.3P corresponding to the U(l) bundle over the Einstein-Kahler 2- 
fold? Let us recall the metric for the 5-dimensional Sasaki-Einstein space Y p,q with c = 1 



1 The 11-th coordinate a here corresponds to ip introduced in [7]. 



4 



ds\ P>q = ds 2 EK i 2 \ + - [{dip — cos 9 dcp) + y (d(3 + cos 9 dcp)} 2 

9 

I (i _ y ) + gin 2 e #2) + 1 dy 2 + ^w(y)q(y) (df3 + cos 9 dcj)f 

+ - [(dip - cos 9d<p) + y (d(3 + cos 9 d<p)} 2 , (2.4) 
9 

where ^-dependent functions are given by 

2(a - y 2 ) _ a-3y 2 + 2y 3 1 (p 2 - 3g 2 ) , 
W (V)= —y ' g(y) = ' a= 2 ^^VV-3g 2 . (2.5) 

Also note that the form in the last line of (12.41) provides the Kahler 2-form and satisfies 
1 11 

-d[-cos9d(p + y(d(3 + cos9d(p)} = - (1 - y) sin 9 d9 A d<p + - dy A (d(3 + cos9d<p). (2.6) 
6 6 6 

Then it is natural to view that we identify (u, Jdu) with the U(l) bundle over this Einstein- 
Kahler 2-fold as follows: 

(u, Jdu) = ^ [(dip - cos 9d(p)+y (d/3 + cos 9 d<p)} . (2.7) 

By plugging ( 12.71) into ( 12. 3\) . we have one-form u explicitly. 

Finally we should write down the U(l) Hopf fiber (x, Jdx) on CP 3 (note that for p = 1 
and x = 0, the internal metric should contain a CP 3 factor) where x = (x 1 , ■ ■ ■ ,x 8 ) is a 
vector on R 8 in terms of (u, Jdu) using [7j 

(x, Jdx) = cos 2 fi (u, Jdu) + sin 2 /i da. (2.8) 

One also introduces another vector v = (0, ■ ■ • , 0, cos a, sin a) in R 8 and then the above x 
can be written as x = ucosp + v sin /i. In ( 12.8}) . we used (t>, Jcfo) = da. The 7-dimensional 
internal space metric ds 2 (p, x) without a warp factor can be written as 

ds 2 7 (p, X) = P(r)-^ 2 dp 2 + p(rf cos 2 pds 2 EK{2) + £~ V + V 2 cosh 2 X (r)(a;, Jrfa;) 2 .(2.9) 

Here we substituted the metric (12.41) for the Einstein-Kahler 2-fold where the four coordinates 
are parametrized by (9 = x 6 ,<p = x 7 ,y = x s ,/3 = x 9 ) in the second term of (12. 9p . After 
plugging the 1-form (12.31) with (I2.7P in the third term of (12. 9p and the U(l) Hopf fiber 
(12.81) in the last term of (12.91) . we obtain the final 7-dimensional internal metric preserving 
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SU(2) x (7(1) x U(1) R symmetry as follows: 



ds 2 (P,X) = P{r) 4 £(r,p) 2 dp 2 
+p(r) 2 cos 2 p 



\(l-y) (d9 2 + sin 2 9 dcp 2 ) + 1 
6 w(y)q(y) 



dy 2 + —w(y)q(y) (d (3 + cos 6 d<j)f 
6b 



+£(r,p)" 2 - sin 2 (2p) 
+£(r,p)~ 2 cosh 2 x(r) 



-r— 7 da + p(r) 4 - [(d^/> — cos d</>) + ?/ (dp + cos # d0)] 

Pv) 3 

sin 2 /i da + cos 2 /U - [(d^ — cos 6* d0) + ?/ (d/? + cos 6 dcj))} 



, (2.10) 



where the quadratic form £ 2 = (x, Qx) with Q = diag(p(r) 2 , • ■ ■ , p(r) 2 , p(r) 6 , p(r) 6 ) in 
8-dimensional space can be computed and it is given by [7] 



C(r,p) 



p(r) 



X(r, p) = cos 2 p + p(r) 8 sin 2 p. 



In (12.101) . we explicitly presented the r-dependence in every place. The nontrivial squashing 
characterized by p(r) deforms the metric on the CP 3 (by changing the variables appropriately 
[19] one makes the 5-dimensional metric on Y p,q space as a U(l) bundle over the Fubini-Study 
metric on CP 2 , one obtains the usual round 5-sphere S 5 and the first three lines of (12.101) 
contain CP 3 metric) and moreover rescales the Hopf fiber which appears in the last line of 
(I2.10p . The stretching is characterized by x( r )- However, there exists SU(2) x U(l) symmetry 
from the structure of Einstein-Kahler 2-fold in ds 2 EK ^ 2 y The U(l) symmetry is generated by 
the angle (3. The combined two U (1) symmetries by the angle ip(= x 10 ) and the angle a(= x 11 ) 
will provide a single U(1)r symmetry which is relevant to the M = 2 supersymmetry. We 
will return to this issue when we discuss about the 4-form field strengths later. 

For p = 0, the 7-dimensional metric (12.101) reduces to the following metric on moduli space 
for the M2-brane probe 



p(r) 2 dsy P ,«j + p(r) 2 sinh 2 %(r) - [(dip — cos 6 d<p) + y(dj3 + cos 6 dcp)\ 



(2-11) 



where the metric for Y p,q is given by (12.41) . In particular, the S 5 or T 1,1 is replaced by Y p,q 
and for large r the moduli space (12.111) approaches the Ricci-flat conifold. Now one sees that 
the function sinh 2 x( r ) plays the role of a stretching of the [/(l)-fiber. Then on can say, for 
this particular coordinate p = 0, there exists a stretched five-sphere S 5 , a stretched T 1,1 space 
or a stretched Y p,q space depending on the £7(l)-fibers. 

From these observations so far, we obtain the following set of frames for the 11-dimensional 
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metric (12.11) : 



i 



1 A(*\ , 1 1 1 Al*\ , 9 * 1 



: e 



Mr) dx ^ e 2 = e A(r) ^ ^ = ^(r) ^ 



A(r,/i) \Z A ( r ^) v^I^TO 



e 4 = — cfr, 



p(rf 



L A(r. //) ; />(/■) cos// \/^-^-d9, 



e 7 = L A(r, /x)* p(r) cos/i y - - - sm6d(, 
e 8 = LA(r,/x)^p(r)cos/x^ 1 dy, 

V w (y)i(y) 



e 9 



L A(r, /i)^(r) cos p - ^w(y) (d/3 + cos 9 d<j)), (2.12) 
o 



40 _ r A/ ,U 1 



L A(r, /i) 4 - sin(2/x) 

y/X(r,fj) 2 



+ - p(r) 4 [(dV - cos 9d(p) + y (d(3 + cos 9 dtp)] 
p(r) 4 3 



M _ r x ,.. ..*4 P( r ) coshx(r) 



e 11 = LA(r,/j)i 



VW^x) 
where the warp factor is given by [7j 



sin 2 ix da H — cos 2 /i [(d^ — cos 6* c/0) + y (dp + cos 9 d(f>)] 
3 



A(r,//) = P 4^—, • (2.13) 

X(r, p)3 cosh^ x(r) 

The constant L in (I2.12p in the 7-dimensional internal space is determined by using the 
symmetry of UV fixed point later. 

Denoting the 11-dimensional metric as qmn with the convention (— , +, • • • , +) and the 
antisymmetric tensor fields as Fmnpq, the Einstein-Maxwell equations are given by [21] 

z~> N L rpNPQR 1 rJV 771 vPQRS 

K M — g F MPQB.F - ~^q°M fPQRSr 1 

VmF MNP Q = _±_ Ee NPQRSTUVWXY FRsTuFvwx ^ ^ 

57o 

where the covariant derivative Vm on F MNp Q in (I2.14p is given by E~ 1 dM{EF MNP ®) together 
with elfbein determinant E = y/—g±i. The epsilon tensor £npqrstuvwxy with lower indices 
is purely numerical. All the indices are based on the coordinate basis. 

• At the SO (8 )-invariant UV fixed point 

For 

p(r) = 1, X (r) = 0, (2.15) 
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one should recover the maximally symmetric AdS± x S 7 solution. In general, one can introduce 
the arbitrary coefficients in the frames e 6 to e 11 of (12.121) . But these can be fixed in order to 
make the Ricci tensor have the form 

R£ = diag(-2, -2, -2, -2, 1, 1, 1, 1, 1, 1, 1), 

which fixes the round S 7 radius to be L, twice the AdS& radius, as expected. As Freund-Rubin 
parametrization [22J, the 3-form gauge field with 3-dimensional M2-brane indices maybe de- 
fined by [7] 

1 

A {3) = - 6 t dx 1 A dx 2 A dx 3 . (2.16) 

Note that at the UV end of the flow the function A(r) behaves as jr from the solution (12.21) 
for A{r) and W — 1. The exponential factor e 3A ^ will be compensated by the same factor 
from the 11-dimensional metric when we derive the geometric superpotential along the flow. 
From (I2.16p . one obtains the only nonzero component for the 4-form as -F1234 = — 77- 
• At the SU(2) x 17(1) X [7(1 ^-invariant IR fixed point pE] 
As we mentioned before, there exists IR critical point characterized by 

p(r) = 3*, x(r) = -cosh" 1 2. (2.17) 

The 3-form gauge field with 3-dimensional M2-brane indices can be constructed as the UV 

3 

critical point. By realizing that at the IR end of the flow the function A(r) behaves as 

3 3 

from the solution (I2.2p for A(r) and W = ^(and we define L = 3~iL), one writes down the 
3-form gauge field including the internal parts as follows [7] : 

A^ = ^el dx 1 A dx 2 A dx 3 + C® + (C^)*- (2.18) 

How does one determine the internal 3-form field C^ 3 -*? The Kahler form in (I2.6P contains 
e 6 A e 7 and e 8 A e 9 that lead to the natural basis of the one-forms and the CP 3 factor for 
p = 1 and x = nas a l so e5 an d e 10 which can be combined together. In fact, we find 

C (3) = -i sinhx(r) e lM) (e 5 - te w ) A (e 6 + te 7 ) A (e 8 + ie 9 ). (2.19) 

In general, the overall function depends on both p(r) and x( r )- However, the above expression 
(I2.19P possesses only x(r)-dependence. The coefficients for a and ip in the exponent are 
fixed as 1 and 1 respectively. We have considered the angle (3 also in the exponent but the 
coefficient for this vanishes from 11-dimensional Einstein equation. Although the structure 
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of triple product (12.191) between the orthonormal basis looks very similar to the previous 
constructions with SU (3) x U (1)r symmetry or SU (2) x SU (2) x U (1)r symmetry(up to signs), 
the functional behavior of the exponential function, i.e., the rotations with U(l) symmetries in 
the fields behave differently. It is interesting note that the overall function contains sinh x{ r ) 
which plays the role of a stretching U(l) fiber we described before. 

Let us explain all these in detail. Let us go to the Ricci tensor first in the frame basis we 
introduced in (12.121) . The Ricci tensor has only two nonvanishing off-diagonal components:.??^ 1 
and R^i- There exists a nontrivial identity between these components. It turns out the Ricci 
tensor is identical to the one with SU(3) x U(1)r symmetry or the one with SU(2) x SU(2) x 
U(1)r symmetry. That is, the Ricci tensor for three cases has same value(in the frame basis) 
at the IR critical point. Let us present them here for convenience: 



Di (55 - 32cos2/i + 3cos4/x) _ 2 _ 3 _ 4 6 _ 7 _ 8 _ 

-til — 1 -=r^ — — -fT,2 — Jri^ — 1X4 — — ^-ftfj — — Zxty — — — — ZrC 



3-2^ y/3 (2 — cos 2/^) 
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9 • 



^5 = (29-16cos2^) _^ 10 Rll _ 2-26 S in2/x _ R 10 

5 ~" 3-2i V3L 2 (2 -cos 2n) I 10 ' 10 " \/3L 2 (2 — cos 2/x)f 11 ' 

Rll = (80 - 64 cos 2/^ + 9 cos 4^) 

11 3-2§ x /3L 2 (2-cos2/i)t ' 

All these depend on only /i(= x 5 ) coordinate. One can also obtain the Ricci tensor in coor- 
dinate basis that depends on y{= x 8 ) and 9(= x 6 ) as well as Now it is ready to use the 
11-dimensional Einstein equation which is the first one of (12.141) where the indices are based 
on the coordinate basis. One can transform this Einstein equation with coordinate basis into 
the one with frame basis without any difficulty via (12.121) . The (10,9) component of right 
hand side of Einstein equation is nonzero in general but the corresponding Rf from fl 2 . 2 j) , 
which appears in the left hand side of Einstein equation, vanishes. This implies that the coef- 
ficient of (3 should vanish and the coefficient of ip should be 1 in the exponent of 3- form (12. 1 9j) . 
Then there exists a U(l) symmetry generated by the angle (3. Furthermore, by comparing 
the (10, 11) component of Einstein equation, the coefficient for the angle a which is equal to 
1 and the overall coefficient of 3-form that is — \ are completely fixed. At the moment, one 
cannot determine the functional dependence for sinhx(r) in ( 12. 19ft because we are looking for 
the behavior at the critical point (I2.17p . We return to this issue when we discuss about the 
RG flow later. 

The internal part of can be written as dC^ + g^C*- 3 -*)*. The antisymmetric tensor 
fields can be obtained from = dA^ with (I2.18p . It turns out that the antisymmetric 
field strengths have the following nonzero components in the orthonormal frame basis used 
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in f[27T9|) or in f[27T2|) 

-Fl234 = ^~ ZTi -^56810 — r~, 71 ) =— ^57910; 



3-23-34 23 • 3* sin(a + ip) sin 2/i 



4) •«• ODo 1U " 4 

L(2 — cos 2/i) 3 L(2 — cos 2/i) 3 

5 3 

2s • 34 sin(a + ip) 
L(2 — cos 2/i) 3 
2s • 3^ cos(a + ip) sin 2/i 

~ 4 

7(2 — cos 2/x) 3 

5 3 

2e • 34 cos(a + ip) 



"56811 — —, ~i — — — -^57911 — -^691011 — -^78 10 11? 



56910 — — "4 — ^578 10) 

L(2 — cos 2/x) 3 



'56911 — — "l - — -^57811 — — -^681011 — -^791011) (2.21) 

L(2 — cos 2/i) 3 

where the angle- dependences for a and ip appear in the combination of (a + ip) as observed 
previously. One can make the two U(l) symmetries generated by a and ip which preserve this 
combination (a + ip). Note that these 4-forms break the SU(2) x U(l)p x U(l) a x U(l)$ into 
SU(2) xU(l)xU (1)r where U(l) is generated by the angle ft. It is obvious that the invariance 
of U(l)p comes from the fact that f)2.2ip do not depend on the angle j3 as we explained before. 
After substituting (I2.2ip into the right hand side of Einstein equation f)2.14p with frame basis 
fl2TT2|) one reproduces the one of 377(3) x U(1) R case [7J or SU{2) x SU{2) x U{l) R exactly. This 
feature is also expected since as we already mentioned, the Ricci tensor for three independent 
cases is identical to each other. In other words, the 4-forms themselves are different from each 
other, their combinations appearing in the right hand side of Einstein equation are the same. 
In particular, the 4-form given in (I2.21I) looks very similar to the one of SU(2) x SU(2) x U(1) R 
symmetry case: same independent components up to signs. 
• Along the the SU{2) x U(l) x 1^(1 ^-invariant RG flow 

The nontrivial r-dependence of supergravity fields (p, x) v i & fl2.2[) requires that the 11- 
dimensional Einstein-Maxwell equations become consistent with not only at the critical points 
but also along the supersymmetric RG flow connecting the two critical points. For solutions 
with varying scalars, the ansatz for the 4-form field strength will be more complicated. We 
will apply the correct ansatz for the 11- dimensional 3-form gauge field by acquiring the r- 
dependence of the supergravity scalars and will derive the 11-dimensional Einstein-Maxwell 
equations corresponding to the SU(2) x U(l) x £7(1) ^-invariant RG flow. 

Let us take the 3-form ansatz as follows [7]: 

= W(r, /i) e 3A(r) dx 1 A dx 2 A dx 3 + C (3) + (C (3) )*, (2.22) 

where is given by f)2.19p as before. Then how does one determine the x( r ) dependence 
appearing this 3-form? One puts an arbitrary function f(p(r), x{ r )) i n front of this 3-form at 
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the beginning. One also obtains the Ricci tensor from the 11-dimensional metric (12.11) when 
the supergravity fields (p(V),x( r )) vary with respect to the r-coordinate. They are given 
in (lA.ip of the Appendix A where all the derivative terms before using the flow equations 
disappear by constraining the conditions (I2.2p . When one needs to have the second derivative 
terms for p(r),x(r) or A(r), one should differentiate the flow equations further and change 
the right hand side by using the flow equations again and removing the derivative terms. 
The (10, 11) component of Einstein equation determines the function f(p(r), x{ r ))- The 
component is given in (lA.ip while the corresponding right hand side depends on this function 
and its derivative. One obtains v(r)f(v(r)) + (1 — v(r) 2 )f'(v(r)) = where v (r) = coshx(r). 
This implies that the solution f(v(r)) is exactly the same as sinhx(r). 

Now let us determine the exact form for the geometric superpotential introduced in (12. 22ft . 
Let us consider (4, 4), (4, 5) and (5, 5) components of Einstein equation. The first and last ones 
contain W 2 , Wd r W, (d r W) 2 and {d^W) 2 while the second one contains Wd^W and d r Wd^W . 
By eliminating (d r W) 2 from (4,4) and (5,5) components, one obtains 

W(r u) 1 

dJT' = ~2^rY ^ C ° Sh2 X(r) + P(r)8( ~ 2 + C ° Sh2 X(r)) ] Sin2/i - (2 ' 23) 
By integrating this (12.231) with respect to the p coordinate, one gets 

W(r,p) = — — - [cosh 2 x(r) + p(r) 8 (-2 + cosh 2 cos2p + g(r), (2.24) 

Ap{r) 2 L J 

where g(r) is an arbitrary function of r. How one can determine the function g{r)l By 
recalling that the superpotential W(p, x) i n 4-dimensions has terms like p(r) 6 or p(r)~ 2 . Then 
one makes further ansatz for g(r) as g{r) = p{r)~ 2 hi(x{r)) + p(r) 6 /i2(x( r ))- Let us insert 
these into the (4,5) component of Einstein equation. Then the unknown functions hi(x{r)) 
and /?-2(x( r )) are completely fixed and they are given by 

hi(x(r)) = \ cosh 2 X (r), h 2 { X {r)) = - (3 - cosh 2 X (r)) . (2.25) 

By plugging these (12.251) into (I2.24p with g(r) above, one obtains the final expression for the 
geometric superpotential as follows: 

W(r, u) = 7 xo [(cosh 2 X (r) + 1) cos 2 p - p(rf (cosh 2 X (r) - 3) sin 2 p] , (2.26) 
Apyr) 1 L J 

which is exactly the same as the one [7] found in other two cases. When cos 2 p = |, then we 
have W(r, p) = —\W{p,x) where W(p, x) is a superpotential in 4-dimensions. 

Comparing with the previous 4-form fields at the IR fixed point, the mixed 4-form fields 
F^ivph-, Fimnp and F i5mn where p,v,p = 1, 2, 3 and m,n,p = 6, 7, • • ■ ,11 are new if we look 
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at the fIB.ip . Indeed, they are not forbidden to occur by the global symmetry once we 
suppose that the 4-dimensional metric has the domain wall factor e 3A( - r ^ that breaks the 4- 
dimensional conformal invariance. At both UV and IR critical points, the 4-dimensional 
spacetime becomes asymptotically AdS& which has conformal invariance and the mixed field 
strengths should vanish there. 

In order to check the remaining Maxwell equation, one needs to know the elfbein deter- 



minant E = y/—gn and it is given by 

1 i 2 

E = j9 • 3^ e 3A(r) V cosh a x {r) (y - 1) cos 5 fi sin 9 sin fi (cos 2 fi + p(r) 8 sin 2 /i) 1 , 

4p(r)s 

by computing the determinant of 11-dimensional metric (12. ip . The right hand side of Maxwell 
equation of (I2.14p contains also the determinant of 11-dimensional inverse metric. Written 
in terms of coordinate basis, one should also transform the 4-forms in (IB. II) with frame basis 
of the Appendix B into the ones with coordinate basis via e a m appearing in (12.121) . On the 
other hand, the left hand side of Maxwell equation has 4-form with upper indices which can 
be determined by using the 11-dimensional inverse metric and 4-forms with lower indices in 
the coordinate basis. We do not present them here because they are rather complicated. We 
have checked that all of the Maxwell equations of motion are indeed satisfied. 

Thus we have established that the solutions (I2.22j) . (12.191) . and (I2.26P actually consists of 
an exact solution to the 11-dimensional supergravity characterized by bosonic field equations 
(I2.14p . provided that the deformation parameters (p(^),x( r )) °f the 7-dimensional internal 
space and the domain wall amplitude A(r) develop in the AdS^ radial direction along the 
SU(2) x £7(1) x £7(l)*-invariant RG flow (TO) . 

So far, we have focused on c = l(in other words, for c ^ one can rescale y to set c = 1 
and the metric has one parameter family characterized by a) in the S 2 metric of (12.41) and 
the coefficient is given by (1 — y). For c = where a is a trivial rescaling parameter, then the 
metric of (12.41) leads to the standard metric of T ' space. Then one can follow the procedure 
for the second solution in [TJ. On the other hand, for a = 1 where a is defined in ( 12 .5p and 
c is a trivial rescaling parameter, the metric provides the round five-sphere S 5 metric. Then 
one takes the first solution of [7J. Schematically, we draw these solutions in Figure 1. In 
11-dimensional view point, the three independent RG flows characterized by 

S 5 -flow : ST7(3) X £7(1)*, 
T 1 ' 1 - flow : SU(2) x SU(2) x £7(1)*, 
Y p > q - flow : SU(2) x £7(1) x £7(1)*, 

arrive at the IR fixed point at which they have common Ricci tensor (I2.20p . Depending on 
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their global symmetry, the internal 3-forms, in each case, have the right structures in the 
exponential function with common sinhx(r) dependence. However, the 3-form in the M2- 
brane world-volume directions with the same geometric superpotential (I2.26P is common to 
three different solutions. It is surprising that although the 4-forms are different from each 
other completely, the squares of these 4-forms appearing in the right hand side of Einstein 
equation (I2.14p give rise to the same expressions. 

metric, 4-form 




IR JL(1.15, 0.66) 



Figure 1: The RG How starting from SO (8) UV fixed point to SU(3) x U(1) R IR fixed point 
and its three 11- dimensional lifts. The theory (in lower plane) flows a SU(3) x [/(l)^-invariant 
fixed point at which (p,x) — (1-15,0.66) as they vary with respect to r according to h2.2\) 
starting from (p,x) — (1)0). In its 11- dimensional lift, there exist three Hows. At each 
curve, the 11-dimensional metric and 4-forms vary with the deformation parameters (p,x)- 
The solutions to the upper and lower ones were found in [7] while the solution to the middle 
one is found in this paper. The Ricci tensor for three curves is the same and given in the 
Appendix A. The common U(1)r factor in the global symmetry plays the role of M = 2 
supersymmetry along the whole three Hows. Either S 5 -How or T 1 ' 1 -5ow can be obtained from 
the more general Y p,q -How by taking the limit a = 1 or c = respectively. 



3 Conclusions and outlook 

We have derived the 11-dimensional Einstein-Maxwell equations corresponding to the M = 2 
SU{2) x £7(1) x £/(l) R -invariant RG flow in the 4-dimensional gauged supergravity. The 
AdS^ supergravity fields can be interpreted as the geometric parameters for the 7-dimensional 
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internal space. Provided that the r-dependence of these fields is controlled by the RG flow 
equations, we have found the exact solution to the 11-dimensional field equations. With this 
solution, one would say that the SU(2) x (7(1) x U(l) ^-invariant holographic RG flow can 
be lifted to an M = 2 M2-brane flow in M-theory. The field strengths must be subject to the 
nontrivial boundary conditions at both UV and IR critical points. 

It is natural to ask what is corresponding dual gauge theory for the previous 11-dimensional 
background in the context of AdS/CFT. According to the observation of T 1 ' 1 -flow [14], the 
quiver U(N) 3 Chern-Simons gauge theory for the M2-branes probing the cone over Q 1,1 ' 1 
space provides the quiver diagram for a partial resolution [23] of Q 1,1 ' 1 theory with U(N) 3 
gauge group and two SU(2) doublets and an adjoint field. It is known that in [23], the higher 
dimensional analog of the Y p,q space was found(and denoted by X p,q ) and can be expressed 
as a U(l) bundle over 6-dimensional Einstein-Kahler space which is a 2-bundle over a 4- 
dimensional Einstein-Kahler space. Therefore, the partial resolution of the X p ' q might be 
a candidate for the dual gauge theory. The spin-2 KK modes around a warped product of 
AdS^ and a squashed and stretched 7-manifold can be obtained. The mass-squared in AdS^, 
in principle, can be determined and it is an open problem to find out what Af = 2 SCFT 
operators in Chern-Simons matter theory are. 

As mentioned in [TJ], one can study the other possibility where there exists a bigger 
SU(3) x U(l) x U(1)r symmetry for the 11-dimensional lift of the same RG flow equations 
we discussed in this paper. For the CP 2 choice for the Einstein-Kahler 2-fold inside of X p ' q 
space, the isometry is given by SU(3) x U(l) x £/(l)#. In the sense that this has two £/(l)'s, 
the construction for the 4-form field strengths is similar to each other. That is, among three 
£7(1) symmetries, only two £/(l)'s are preserved. Then it is nontrivial to find out the 4-forms 
which should preserve these symmetries explicitly. 

There exists M = 1 G2 critical point in 4-dimensional gauged supergravity. That is, this 
IR critical point is located at some point in the lower plane of Figure 1. The 11-dimensional 
lift of this theory, which is present in the upper plane of Figure 1, was found in [6], as 
mentioned in the introduction. One can think of other 11-dimensional solution with same 
RG flow equations for the AdS^ supergravity fields. Inside of 7-dimensional ellipsoid, there 
exists a round six-sphere S 6 which has SO (7) symmetry. It is an open problem whether one 
can embed the appropriate Einstein-Kahler 2- fold inside of S 6 . Of course, the original global 
symmetry G2 should break into a smaller group symmetry. 
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Appendix A The Ricci tensor in frame basis 



The 1 1-dimensional metric (12. ip with (I2.10p and (12.131) generates the Ricci tensor in frame 
basis as follows: 



Rl = ^4 w 2[2u s v 2 (v 2 -l)sl + 2v 2 (v 2 + 3)c 

9 V3 L 2 us t>3 (c 2 + u 2 s 2 ) a 



+ u 6 [-2(-5 + c 2fl ) + v 2 (-ll + c 2/ J + Av%] si 
+ u 2 [I2cj + t; 2 (9 - 13c 2M ) + 4v 4 sJ] c 2 + M 4 [6^ + v 2 (5 - 8c 2fM + 5c 4/ J + v 4 s%] ] 

p2 p 3 OZ?6 tip7 np8 o d9 

— JL2 — -4X3 — — ^-^6 — — ^-1X7 — — ^-'•'8 — — -^9 ' 

i? 4 4 = — ^4 w [-Av 2 (2v 4 -21v 2 + 27)cl-4u 8 v 2 (2v 4 -5v 2 + 3)sl 

18 v3 L 2 us t> 3 (c 2 +w 2 s 2 )3 



4 



+ 2u 2 v 2 [-48 + 60c 2M + v 2 (15 - 43c 2m ) + 4v 4 s 2 ] 
- 2u 6 [24cJ - Av 2 (7 + 4c 2/ J + t; 4 (17 + 5c 2m ) - 4v 6 cJ] s 2 

(33 - 48c 2M + 21 + 4v 2 [2 + 4c 2m - 7c 4fl + v 2 {-l + c 4/ J])] 



4 2 

U V 



Rl = j (-2cl(v 2 - 3) 

6y3 L 2 v 3 (c 2 + u 2 s 2 ^ 



■ 3 



+ u 2 [-5 - llc 2/1 + H^c 2 + it 2 (-11 + 9c 2M + 2s 2 [u 2 - uV - 7)] )]) s 2fM = i? 5 4 , 



i? 5 5 = — — w [Au 8 v 2 (v 2 - l)s 4 + Av 2 (v 2 + 3)c 

18 V3 L 2 u-i vs (c 2 + u 2 s 2 ) 3 



+ m 4 [6 - 6c 4M + w 2 (19 - 16c 2M + c 4M ) + 5w 4 (-l + c^)] 

+ Au 2 [6c 2 + v 2 (3 - 5c 2M ) + 2v 4 sJ] c 2 + 4u 6 [-1 - v 2 + v 4 + (-7 + 5v 2 + v A )c 2il ] sj] , 

R$ = 1s , f2? L 42 [4^V-l)< + 4,V + 3)< 
18 v 3 1/ u 3 t> 3 (^c^ + u sfjj 3 

+ uV [-2(-ll + 8c 2M + c 4/ J + 5t; 2 (-l + c 4/ J] + 2«Vc 2 [12c 2 + t; 2 (9 - 13c 2m ) + 4t; 4 S 2 ] 
+ 2m 6 [24cJ - 2v 2 (7 + 13c 2M ) + v\l + 13c 2 ^) + 4w 6 c 2 ] sj] , 
H u = 2^ 2 -l)(n 2 + 2t; 2 -3) g2At _ 

3^ I/ 2 U 3 (c 2 + M 2 s 2 '~ 



, 3 

A*' 



#11 = — 5-^ b- [2mV(v 2 - l)s 4 + 2v 4 (v 2 + 3)c 4 

9v3I/ 2 u3t>3 (c 2 +m 2 s 2 )3 

+ u 2 v 2 [-24c 2 + v 2 (27 + 5c 2M ) + 4v 4 sJ] c 2 + uV [-6s 2 ^ + 2v 2 (4 - 4c 2/J + c 4m ) + 7t; 4 s 2 J 

+ M 6 [-24c 2 +8t; 2 (2 + 5c 2M )-t; 4 (5 + 29c 2At )+4t; 6 cJ]sg, (A.l) 

where we introduce 

u(r) = p(r) 4 , v{r) = coshx(r). 
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We also use a simplified notation for the trigonometric function as in s M = sin p and so on. By 
substituting the IR fixed point values (12.171) into (IA.ll) . one sees i?| vanishes and the other 
components reduce to (12.201) . 



Appendix B The 4-form field strength in frame basis 

One can read off the 4-forms from (12.191) . (12.221) and ( I2.26P and they are given in the frame 
basis as follows: 

33 [cj (-5 + cosh 2x) + 2p 8 (-2 + c 2fM + s 2 p 8 sinh 2 X )] 

-^1234 — 4 2 4 ) 

Lps COshs X ( C 2 +p 8 S 2)3 

3^ pi [1 + cosh 2x + p 8 (—3 + cosh 2%)] 

-F1235 = 1 — ; ~i s ^ c ^i 

L cosh » x + P 8 s 1l ) 3 

p 3^(-3 + p 8 )sinh2 X _ 

-T4568 — " 4 5 ~ i c a+i(> — — -^4579 — -^46910 — 47810) 

2Lp3 coshs x (c^ + p 8 S^)3 
p 3i(-3 + p 8 )sinh2 X 

-T4569 — — 4 5 ~ 1 S Q+?/' ~~ — -^46810 — -^4578 — -^47910, 

2L ps cosh 3 x {c 2 + P sV) 3 
32 pi sechs^; sinh x [1 + cosh 2% + p 8 (—3 + cosh 2%)] 

= — -F47911; 

32 pi sech 3 x s i n h X [1 + cos h 2x + P 8 ( — 3 + cosh 2%)] 

-^469 11 = f -—4 s 2/. C Q+j/) 

2L ( C 2 +p8 S 2)3 

= ^478 11 > 

3^ p3 ( — 1 + p 8 ) sinhx 



'56810 — T — 4 S2fj,S a+% p — — F57910, 

L sech 3^ (c 2 + p 8 s 2 



34 (3 + p 8 ) sinhx 



Lps cosh 3 x (c 2 + p 8 s 



2 1 3 



1 Sa+ip -^o 



56811 — ~ ~ 4 2 ; ~T *a+i/> — — -^57911 — r 69 1011 — ^781011 



34 ps (-1 + p 8 ) sinhx 

-T 569 10 - -T — . C Q+ ^S 2jU - -^578 10, 

L sech 3 X + P S ^J 3 

3i(3 + p 8 ) sinhx , , 

-T56911 — —~ — J 2 T C a+V> _ -^57811 — — -^681011 — -^791011- K* 3 - 1 -) 

Lps coshs x ( c 2 +p 8 S 2 ) 3 

For simplicity, we ignored the r dependence on p and x i n the right hand side of (IB.ip . When 
we substitute the UV fixed point value (I2.15P into (IB.ip . then only -F1234 is nonzero. When we 
substitute the IR fixed point values (I2.17P into (IB. II) . one sees F^ vp5 , F imnp and F i5mn where 
p, v, p = 1, 2, 3 and m, n, p — 6, 7, • • • ,11 vanish due to the sinh X (r) and the other components 
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reduce to (12.211) . These vanishing 4-forms have either 1 + cosh 2% + p 8 (—3 + cosh 2%), which 
leads to (3 — p 8 ) for the condition cosh 2% = 2, or (—3 + p 8 ). This nontrivial boundary 
conditions also occur for the Af = 1 G2 M2-brane flow in 11-dimensions [B]. 
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